Self-similarity learning has been recognized as a promising method for single image super-resolution (SR) to produce high-resolution (HR) image in recent years. The performance of learning based SR reconstruction, however, highly depends on learned representation coefficients. Due to the degradation of input image, conventional sparse coding is prone to produce unfaithful representation coefficients. To this end, we propose a novel kernel based low-rank sparse model with self-similarity learning for single image SR which incorporates nonlocalsimilarity prior to enforce similar patches having similar representation weights.
Introduction
High resolution (HR) images are generally preferred to low resolution (LR) ones in many applications of computer vision, such as remote sensing, medical imaging and video surveillance. However, the resolution is always limited by the constraint of optical imaging systems and hardware devices. As a software technique to break this limitation, super-resolution (SR) has been developed to reconstruct HR images from the observed LR ones using specific algorithms. SR methods can be divided into two categories: reconstruction based and learning based methods.
Reconstruction based methods recover HR images with help of prior knowledge and statistics of natural images, such as gradient profile prior [1] , Gaussian mixture model [2] , wavelet based model [3] and total variation (TV) [4] . Global constraint [5] has also been widely used as a typical back-projection technique for SR.
Learning based methods predict the missing HR details by learning the model of relationships between pairs of LR and HR examples. The representative methods include neighbor embedding (NE) algorithm [6] , sparse coding (SC) based method [7] and position-based method [8] . As for the above mentioned learning based methods, external examples from training images are required.
However, internal examples instead of external ones can also be utilized.
In nature images, sufficient examples which are highly correlated to the input patches can be found in the input image, its repeatedly down-sampled and subsequently up-scaled versions. In the past few years, self-similarity has been successfully utilized for SR [9, 10, 11, 12] . Glasner et al. [9] first designed an ap-pealing self-similarity learning framework. With the help of self-examples, the input image is repeatedly magnified to the desired size. By this coarse-to-fine strategy, the difficulty of each step is alleviated, which benefits the performance of the whole SR system. Due to these advantages, self-similarity learning has been followed by many researchers in recent years. Bevilacqua et. al [12] proposed a new double pyramid SR model with simple multi-variate regression to learn the direct mappings between LR and HR patches. Zhang et. al [10] presented a neighbor embedding based self-similarity learning SR scheme with spatially nonlocal regularization. Yu et. al [11] combined the self-similarity learning with sparse representation to perform SR. However, due to the degradation (i.e. blurring and down-sampling) of the observed image which is also the source of self-examples. The above mentioned conventional learning methods are prone to produce unfaithful representation coefficients, which are not suitable for accurate SR reconstruction. To solve the problem, a nonlocally constrained learning methods have been introduced recently [13] . Dong et. al [13] proposed a nonlocally centralized sparse representation for image restoration using PCA dictionary trained from self-examples. Specifically, they defined the deviation of the learned sparse codes from the expected true ones as sparse coding noise (SCN). As suggested by their work, SR performance can be improved by suppressing SCN through calculating nonlocal means of the sparse codes for similar neighbors of the LR input patches as an estimation of the optimal codes. However, the estimation is still a weighted linear combination of codes for the similar patches. In our previous work [14] , we found that nonlinear lowrank constraint can be used to suppress SCN in self-similarity learning scheme for SR. Furthermore, in this paper, we propose a novel kernel based low-rank sparse coding (KLRSC) method via self-similarity learning for single image SR.
Self-examples are extracted from the input image itself, its degraded versions and up-scaled ones. The input image is gradually super-resolved. In each magnification, similar column components of a nonlocal data matrix which consists of a vectorized input patch and its nonlocal neighbors can be observed. This property of similarity leads to the nature of low-rank. Furthermore, we also use the kernel method [15] to capture nonlinear structures of data, the nonlocal data are mapped into a high-dimensional feature space by kernel method. In our work, we find that the low-rank property is preserved when the nonlocal patches are mapped into the kernel space. Due to this observation, we assume that the sparse codes for nonlocal matrices should be approximately low-rank.
Thus, we perform kernel based low-rank sparse coding to gain accurate coefficients for self-similarity learning based SR. Experimental results demonstrate the advantage of our proposed method in both visual quality and reconstruction error. Our contributions are two folds:
1. The low-rank property is proved to be preserved when the nonlocal data are mapped into high dimensional space by kernel method.
2. A novel kernel based low-rank sparse coding based scheme for single image SR is proposed, which exploits both low-rank property and nonlinear structural information of nonlocal data in a high-dimensional space.
The remainder of this paper is organized as follows. In Section 2, we describe the proposed method in detail. The experimental results are given in Section 3.
We conclude this paper in Section 4.
Our preliminary work has appeared in [14] .
Proposed kernel based low-rank sparse model for single image SR

Overview
In this section, we start the discussion of the kernel based low-rank sparse model for single image SR. We adopt the double pyramid self-similarity learning framework which is the same as that of [12] . By coarse-to-fine strategy, the observed image is zoomed in by several times to reach the expected size. In each magnification, we perform KLRSC to learn the representation coefficients for SR reconstruction. Both the self-examples, the structural information and the underlying nonlinear structure of nonlocal similar examples are exploited in the coding stage. Then, an interim image can be recovered by the learned coefficients and self-examples for the next magnification. When the image reaches the desired size, the iterations of magnification will terminate.
Self-similarity learning and gradual magnification
In the stage of self-similarity learning, the pairs of examples are extracted from two pyramids of images. The flowchart of the double pyramids model is shown in Fig. 1 . We denote the pyramid which composes of the sequences of the input image and its several down-sampled versions as I −n for n = 1, 2, ...N D .
Given the input image I 0 , the down-sampling is repeated for N D times with a factor of s = 1.25 at each time. The n-th layer I −n is represented as:
(1)Self-similarity Learning 
where * is a convolution operator and ↓ s n denotes the down-sampling operator by a factor of s n . B n is a Gaussian blur kernel with a standard variance σ 2 n which can be computed as [16] :
The up-scaled pyramid U (I −n ) by bicubic interpolation is established as:
where U (I −n ) is the n-th layer of the up-scaled pyramid with respect to the layer I −n and ↑ s is an up-scaling operator by a factor of s. In order to obtain the pairs of self-examples, layer I −n and the corresponding layer U (I −n ) are divided into overlapping patches. For each patch from U (I −n ), we use four high-pass filters to extract its gradient feature of the first-and second-order gradients in both vertical and horizontal directions:
The four high-pass filtered features are concatenated into vector as a descriptor of the patch. As for the corresponding patch from I −n , we extract its intensity feature by subtracting its mean value. We collect these two kinds of features from all layers and normalize them to unit 2-norm to construct the dictionary.
∈ R 4b×K denote the one for learning.
In multi-step magnification, we gradually super-resolve the input image I 0 . Given the total up-scale factor p, we repeat the magnification for N U = ceil(log s p) times, where ceil(x) returns the nearest integer larger than x. In the i-th magnification for i = 1, 2, ...N U , we produce the interim layer by:
Then we partition the i-th layer U (I i ) is into overlapped patches and convert them into a set of normalized gradient features Y i = {y j } i . We recover the corresponding patches X i = {x j } i by kernel based low-rank sparse representation and reconstruct the layer I i by weighted average operation on the overlapped region, which we describe in the following subsection.
Kernel based low-rank sparse representation for SR reconstruction
In this subsection, we present how to recover the super-resolved layers from the interpolated ones using our proposed KLRSC. We first describe the algorithm of KLRSC for SR reconstruction. Then we present the post-processing procedure by the incorporation of iterative back projection (IBP) [5] and pixelwise autoregressive (AR) model regularization [17] to improve the quality of reconstructed layer. Fig. 2 gives the illustration of KLRSC for SR reconstruction. Nonlocalsimilarity is an effective prior for image reconstruction [10, 11, 13, 18, 19, 20] , which means that small patches tend to appear repeatedly at different locations of a natural image. For each j -th feature vector y j extracted from the i -th layer U (I i ), we select its K N most similar nonlocal neighbors in the same layer and stack them as columns
to the indices of the nonlocal data. We also find its
accumulate the corresponding atoms in the dictionary H to form the subset 
Implementation of KLRSC for SR
In standard sparse coding, the sparse coding for the feature vector y j can be formulated as:
Different from the conventional approach, Recently, Zhang et. al [21] proposed a low-rank sparse coding method for image classification. They encoded densely sampled SIFT features in spatially local domain. The codes for spatially local features were assumed to be low-rank. we introduce a low-rank constraint to regularize the representations for similar feature vectors. We attach the feature vector y j to the nonlocal feature vectors Y N j to combine a grouped matrix
with the nature of low-rank property. The corresponding sparse coefficient matrix for representing the data upon the subset Y D j is also expected to be low-rank. Low-rank optimization relies on the proof that the convex envelope of rank is the nuclear norm under broad conditions [22] . Based on this theorem, low-rank optimization has been successfully used in many applications [23, 24, 25, 26, 27, 28] We use nuclear norm constraint [22] to formulate the lowrank optimization. The augmented optimization problem can be written as:
where W j represents the corresponding weights that each atom in the subset We also use the kernel method [15] to capture the nonlinear structures of features, which can reduce the feature quantization error and improve the coding performance. As suggested by [29, 30] , we transform the augmented data Y T φ(y). In our work, we use Gaussian kernel function
In Thus, with this preservation of low-rank property, the optimization problem of (7) in kernel space can be rewritten as:
However, since the optimization problems of nuclear norm and 1 norm (8) are difficult to solve simultaneously, we introduce two more relaxation variables and impose fidelity constraints between the pairs of relaxation variables:
We use inexact augmented Lagrange multiplier (IALM) method [31] to solve problem (9), which has also been used to efficiently solve other low-rank problems (i.e. RPCA for low rank matrix recovery [23] ). We add two more variables to relax the fidelity constraints. The augmented Lagrange function for (9) is:
where tr(·) is the operator to get matrix trace. λ 1 and λ 2 are scalar constants.
Λ 1 and Λ 2 are Lagrange multiplier matrices. u 1 and u 2 are the parameters balancing the difference between pairs of objective variables and other regularization terms.
Optimization of KLRSC
There are three objective variables W 1∼3,j in (10) which we alternatively update, followed by the adjustment of multipliers. Soft-threshold operations on matrix elements and singular values are used to solve the problem of 1-norm and nuclear norm optimizations. The update steps of W 1∼3,j and the multipliers are given below.
Firstly, we update W 1,j and meanwhile fix other variables. The optimization function with respect to W 1,j derived from (10) can be formulated as:
arg min
The 1-norm optimization problem of (11) can be solved by soft-thresholding:
where S λ (W ) =sign(W )max(0, |W | − λ) is a shrinkage operator on values of matrix W .
Then we update W 2,j and fix others by solving the following optimization problem:
The nuclear norm optimization problem of (13) can be solved by singular value soft-thresholding:
where The optimization function with respect to W 3,j is given by: arg min
Solving the optimization problem (15), we update W 3,j by:
where I is an identity matrix and the matrix Z is represented as:
Update multipliers
where ρ > 1 is a scalar constant.
When the changes of objective variables during updates are below a defined threshold e, the optimization reaches convergence. We summarize this optimization in Algorithm 1. 
Fix the others and update W 2,j
Fix the others and update W 3,j
Fix the others and update the multipliers Λ 1 ,Λ 2 ,u 1 and u 2
end while Output: W 3,j
Effectiveness of KLRSC
To explain the effectiveness of KLRSC, we perform an experiment to investigate the statistical property of sparse coding noises (SCN) for different coding methods. We use lena image as a test image. Its LR counterpart is generated through blurring (Gaussian kernel with standard deviation 1.6), down-sampling and up-scaling (with a factor of 1.25). We collect 15625 pairs of LR and HR features from the LR and HR images. DCT dictionary is used in our experiment. We denote method of sparse coding with low-rank constraint as 'LRSC' which appeared in our preliminary work [14] . We firstly calculate the sparse coefficients for them using KLRSC, LRSC and SC, respectively. We calculate SCN by following the definition in [13] . In our experiment, We evaluate SCN by 2 norm. In Fig 4, we draw the 2 norm distributions of SCN for KLRSC, LRSC and conventional SC. The distribution for KLRSC, LRSC and SC is drawn in red, blue and black lines, respectively. It is shown that KLRSC get lower SCN than the other two methods do, which means that the proposed KLRSC approach effectively suppress SCN utilizing the low-rank property of nonlocal-similarity and improve the coding performance. 
Post-processing procedure
When the optimization converges, the solution W 3,j becomes both sparse and low-rank. Then we distil the first column of W 3,j as the sparse weight w lr j for the reconstruction of the HR patch x j because low-rank constraint does not change the identities of columns. The HR patch x j can be sparsely represented upon X D j as:
where ||l j || 2 is the 2-norm of the corresponding LR feature andl denotes the average intensity of the corresponding LR patch. Having obtained all HR patches
we merge them into the layer I i by averaging the intensity of the overlapping pixels between the adjacent patches.
To enhance quality of the reconstructed interim layer, we apply IBP algorithm [5] and pixel-wise autoregressive (AR) model [17] to both enforce the global reconstruction constraint between the interim layer and the input I 0 and refine the relation between neighboring pixels.
The j -th pixel of the reconstructed layer is expected to be predicted as a linear combination of its neighboring pixels in a 3×3 square window: s j = a T j q j , where s j is the central pixel and q j is the vector consisting of its neighbors. To learn the combination weights a j , we collect the N nearest neighbors of the s j centered patch from other already reconstructed HR layers. These patches are assumed to share the same neighboring relationship. The combination weights a j can be obtained by the following optimization problem:
a j can be derived by:
where
and E is the identity matrix. Thus, we regularize the estimated layer by minimize the AR prediction error and the global reconstruction error by:
where A i describes pixel-wise relationships in I i , I i,0 denotes the initial HR estimation, I 0 is the LR observation, D i and B i are the down-sampling and blurring operator of the i-th layer, respectively. The layer I i is updated by: (23) where τ is the step size for gradient descent.
According to the self-similarity learning framework, we repeat the aforementioned low-rank sparse representation based SR for N U times followed by a fine adjustment to get the final SR result.
Summary
The complete SR process is summarized in Algorithm 2. 
Experimental results
In our experiments, we use nine test images from the software package for [17] . These images (see Fig. 5 ) cover various contents including humans, animals, plants and man-made objects. The size of image parthenon is 459 × 292 and the size of other images is 256 × 256. We compare our method with SC-SR [7] , ASDS [17] , LRNE-SR [32] , DM-SR [12] , NCSR [13] and Aplus [33] . Since the human visual systems are more sensitive to luminance changes in color images, we only perform our proposed method on the luminance component. The SR performances are evaluated in the luminance channel by the peak signal-to-noise ratio (PSNR) and the structural similarity (SSIM) [34] objectively. We set λ 1 = 0.07, λ 2 = 0.07, ρ = 1.5. We obtain initialization of codes Z 0 by standard sparse coding [7] and let Z 1 = Z 2 = Z 3 = Z 0 at the beginning of optimization. We set u 1 = 1/max(Σ(Z 0 )) and
For the stage of IBP and AR regularization, the window size is 3 × 3. The maximum iteration times is set to 300. We set the step size τ = 0.5.
The parameters α and β are set to 0.05 and 0.01.
For fairness of the comparisons, according to the experimental setting, we retrain the LR-HR dictionary for [7] and [32] and change all down-sampling and up-scaling for [13] and [17] to bicubic and retrain its AR models and nonlocal adaptive regularization models before implementation.
The PSNRs and SSIMs of different methods for comparisons are shown in Table 1 for the scaling factor p = 3 and Table 2 for the scaling factor p = 4, respectively. Our proposed method gets better quantitative SR performances on most of the test images than other methods. The average gains of our proposed method for the scaling factor p = 3 over the second best method are 0.293dB in PSNR and 0.0078 in SSIM. In the case of p = 4, the average gains are 0.420dB in PSNR and 0.0117 in SSIM. method [7] generates blurry along edges (i.e., the boundary of the girl's nose) because the single over-complete dictionary learned from the external training images is not prone to produce sharp edges. LRNE-SR [32] tends to lose highfrequency details while smooth regions and clean edges are produced. As one of the state-of-the-art methods for image SR, Aplus [33] obtains the second best quantitative SR performances (see Table 1 and 2), however, too sharp boundaries and ringing artifacts can also be observed. Our proposed method generates obvious boundaries and suppresses artifacts. We can see clear edges of girls nose and natural patterns in the wing of butterfly. As seen from the visual experimental results, our proposed method gets better results than other methods perceptually.
Evaluation of the different contributions
To further validate the effectiveness of proposed method, we test the SR performances with the scaling factor p = 3 using sparse coding with differ- (c)SC-SR [7] . (d)ASDS [17] . (e)LRNE-SR [32] . (f)DM-SR [12] . (g)NCSR [13] . (h)Aplus [33] .
(i)proposed method. (j)ground truth. [7] . (d)ASDS [17] . (e)LRNE-SR [32] . (f)DM-SR [12] . (g)NCSR [13] . (c)SC-SR [7] . (d)ASDS [17] . (e)LRNE-SR [32] . (f)DM-SR [12] . (g)NCSR [13] . (h)Aplus [33] . (c)SC-SR [7] . (d)ASDS [17] . (e)LRNE-SR [32] . (f)DM-SR [12] . (g)NCSR [13] . (h)Aplus [33] . [7] . (d)ASDS [17] . (e)LRNE-SR [32] . (f)DM-SR [12] . (g)NCSR [13] .
(h)Aplus [33] . (i)proposed method. (j)ground truth. (c)SC-SR [7] . (d)ASDS [17] . (e)LRNE-SR [32] . (f)DM-SR [12] . (g)NCSR [13] . (h)Aplus [33] .
(i)proposed method. (j)ground truth. 
Conclusion
In this paper, we propose a novel single image SR method by incorporating self-similarity learning framework with kernel based low-rank sparse coding. The kernel method is used which captures the nonlinear structures of the input data.
A novel kernel based low-rank sparse coding based scheme for single image SR is proposed, which exploits both the structural information of nonlocal-similarity in kernel space. Furthermore, we exploit the self-similarity redundancy among patches across different scales in a single natural image to train a self-example dictionary. The gradual magnification framework compatible to the self-example dictionary is adopted. Experimental results demonstrate that our proposed method improves SR performances both quantitatively and perceptually.
